We present in this paper a new tool for outliers detection in the context of multiple regression models. This graphical tool is based on recursive estimation of the parameters. Simulations were carried out to illustrate the performance of this graphical procedure. As a conclusion, this tool is applied to real data containing outliers according to the classical available tools.
Introduction
We consider the classical multiple regression model (or linear model). Let Y be a random vector (called response variable) in IR n such that IE[Y ] = Xβ and cov(Y ) = σ 2 I n where X ∈ M n,p (IR) is a known matrix (rows of X are the explanatory variables) and where β ∈ IR p and σ 2 ∈ IR + are the unknown parameters (to be estimated). If the rank of X equals to p (which will be assumed here), then the solution of least-square problem β is unique and is given by β = ( t XX) −1t XY . This estimator is unbiased with covariance matrix equal to σ 2 ( t XX) Sensitive analysis is a crucial, but not obvious, task. Three important notions can be considered together: outliers, leverage points and influential points. The notion of outlier is not easy to define. In fact one has to distinguish
A new graphical tool
In one hand many authors suggested graphical tools for the outliers detection in regression models. For instance
Atkinson [2] suggested half normal plots for the detection of single outlier (see also [3] for a large panorama).
In other hand the seminal paper by Brown et al. [8] (see also [29] ) about recursive residuals (we share Nelder opinion -see his comments about [8] -about the misuse of 'recursive residuals' instead of 'sequential residuals'
for instance, but as it is noticed by Brown et al. [8] "the usage [of this term] is too well-establish to change") has been the source of various studies on outliers or related problems, most of them being based on CUSUM test.
Schweder [31] introduced a related version of CUSUM test, the backward CUSUM test (the summation is made from n to i with i p + 1) which was proved to have greater average power (than the classical CUSUM test).
Later Chu et al. [10] proposed MOSUM tests based on moving sums of recursive residuals.
Comments by Barnett and Lewis [5] about recursive residuals summarize well all the difficulty when considering such approach: "There is a major difficulty in that the labeling of the observations is usually done at random, or in relation to some concomitant variable, rather than 'adaptively' in response to the observed sample values". For instance Schweder [31] in order to develop two methods of outlier detection assumed that the data set could be divided into two subsets with one containing no outliers. In [18] the reader will find another case in which the half sample is used and assumed to be free of outliers. Since these methods are not satisfactory Kianifard and Swallow [22] defined a test procedure for the outliers detection applied to data ordered according to a given diagnostic measure (standardized residuals, Cook distance, . . . ). Notice that recursive residuals can also be used to check the model assumptions of normality and homoscedasticity [16; 21] . For a review about the use of recursive residuals in linear models, the reader could refer to the state-of-art in 1996 by Kianifard ans Swallow [23] (see also a less recent state-of-art by Hawkins [19] ).
For a given subset of observations, estimators of the parameters are invariant under any permutation of the observations, except if one apply recursive estimations. The idea of a (graphical or not) method based on recursive estimation (of the parameters) is to order the observations such that the presence of one or more outliers will be visible (on a figure or/and on a table). This point of view was used by Kianifard and Swallow [22] in the method described above. However their procedure does not guarantee that outliers are detected: this unfortunate case happens for instance when the outliers is precisely one of the p first observations (which are used for the initialization
Since the graphical tool we propose is based on a recursive procedure, we will introduce some notation for parameters estimation based on a subset of the observations. For any subset I of {1, . . . , n}, we denote by β(I) the estimator of β based on observations X i1 , . . . , X ip with i ∈ I. We denote by X I (resp. Y I ) the sub-matrix of X (resp. Y ) corresponding to the above situation. We will assume that for any subset I such that |I| p the matrix X I is full-rank. It follows that β(I) is unique and given by β(I) = ( t X I X I ) −1t X I Y I . We will denote by S n the set of all permutations of {1, . . . , n} and for any permutation s ∈ S n , I s i := {s (1), . . . , s(i)}.
The graphical procedure we suggest here consists in generating p different graphical displays, one for each coordinates of β (including the intercept in case of). On the j-th graphical display points (i, β j (I s p+i−1 )) with i ∈ {1, . . . , n − p + 1} are plotted, for a given number of permutations s ∈ S n (points can be joined with lines).
Similar graphical displays can also be produced for the variance estimation and for various coefficients (determination coefficient, AIC, . . . ). This graphical tool can be viewed as dynamic graphics defined by Cook and Weisberg [14] . This approach seems to be new to the best of our knowledge despite recursive residuals are quite old (indeed earlier related papers are due to Gauss in 1821 and Pizzetti in 1891 -see the historical note by Farebrother [17] ; see also [30] ). In fact recursive residuals and recursive estimation are most of the times considered in the context of time series (see for instance the presentation proposed in [6] ) since hence there exists a natural order for the observations. It follows that in such situation it is not possible to consider any permutation of the observations (it explains why recursive residuals are mainly used to check the constancy of the parameters over time).
The presence of one (or more) outlier in a data set should induce jumps/perturbations at least on some of these plots. However the effect will not be really visible if the outlier lies in the first observations (see above the remark above about [20] and [22] ) or in the last observations. In fact, in the first case, the effect will be diluted due to the small sample size inducing a lack of precision in the estimations. And in the second case the effect should be also diluted because of a kind of law of large numbers (as noticed by Anderson in his comments of [8] , β n converges to β in probability as n tends to infinity if ( t X n X n ) −1 converges to zero as n tends to infinity). Hence it suggests that there exists some 'optimal' positions for the outlying individuals in order to be detected by a recursive approach.
The number of permutations used for the graphics should depend on the sample size. We suggest to distinct the three following cases:
1. Large sample size: one can plot points for all the n circular permutations. In this way, on each graphical displays n lines will be represented.
2. Medium or small sample size: if the sample size is not enough large to apply the above rule, one can choose at random N permutations and to plot the N curves corresponding to recursive estimation. The value of N may depend on n: the smallest n is, the largest N has to be.
3. Very small sample size: if n is small enough (say smaller than 10), one can plot all the n! sequences on each graphical displays. Such situation could appear in the context of experimental designs for instance.
A major advantage of this new graphical tool is that it does not require the normality assumption. This assumption is generally required in the former outliers detection procedures (especially when using standardized residuals for instance). Moreover it can be performed on data with few observations.
Before applying the graphical method described above to simulated data and real data, we wish to consider some practical aspects:
1. In order to enlight the presence of outliers (indeed this can reduce the effect induced by the lack of data), one could prefer to plot only points (i, β j (I s p+i−1 )) for i ⌊αn⌋ with α ∈ (0, 1). The value of α may depend on the sample size: for small sample size, the value of α could reach up to 25%. This could emphasize the cases where the outliers are in the 'optimal' positions.
2. Since the graphical method suggested here relies on recursive estimation of parameters, one wish to apply updating formula as given by Brown et al. [8] . However one should avoid to use such formula, especially when dealing with large data set, and prefer to inverse matrices for each points (since computers are more reliable and efficient than in the past). In fact using updating formula may induce cumulative rounding-off errors making the graphical method unuseful (this point was already noticed by Kendall in his comments about the paper by Brown et al. [8] ).
For now we will assume that the response variable Y is a Gaussian random vector. We will see how one can use (or not) of outliers. This is fully inspired by [8] (see also [16] ). In fact as showed by McGilchrist et al. [25] (in a more general context), recursive residuals and recursive estimations of β are related one to the other by re-writing the update formula as follows for i ∈ {1, . . . , n − p},
, where x i denotes the i-th row of X and where R(I s i+1 ) is the i-th recursive residuals defined by:
. 
As proved by Brown
where S 0 = 0 and S i = S i−1 + R(I s p+i ). The unknown variance σ 2 is estimated considering all the observations:
. If all the assumptions of the Gaussian linear model are satisfied, {X n (t) ; t ∈ (0, 1)} converges in distribution to the Brownian motion as n tends to infinity. It follows that this graphical method could be only used for large sample size. According to Brown et al. [8] , the probability that a sample path W t crosses one of the two following curves: y = 3a √ t or y = −3a √ t equals to α if a is solution of the equation:
where Φ is the cumulative distribution function of the standard Gaussian distribution (for instance, when α = 0.01 it gives a = 1.143).
Simulations
In this section we provide some simulations in order to observe the phenomenon which arises in such graphical displays in presence of one or more outliers. We will first consider the case where the data set contains only one outlier (either in the explanatory variable or/and in the response variable). Secondly we will consider the case of multiple outliers which is more difficult to detect when using the classical tools.
Single outlier
We present here some simulations on which we apply our graphical tool. Data were generated as follows :
where (x i ) are iid random variables double exponential distribution with mean 1 and (ε i ) are iid random variables with the centered Gaussian distribution with standard deviation σ = 0.1. From this model, we derive three perturbed bivariate data sets. First we construct the univariate data set (x i ) as follows: for all i ∈ {1, . . . , n} \ {⌊n/2⌋} andx ⌊n/2⌋ = 10x ⌊n/2⌋ (it corresponds to a typo errors with the decimal separator symbol). We construct similarly the perturbed univariate data set (ỹ i ). Thus we combine these univariate data sets to produce four different scenario: no outlier, one outlier in the explanatory variable (x), one outlier in the response variable (y) and one outlier simultaneously in the explanatory and response variables. When the response variable Y is a non-Gaussian random vector, the method is still valid an it leads also to the same kind of phenomenon on the various plots. Moreover such approach can be also used to detect switching regime in a regression model. Simulations for these cases were carried out (but not presented here).
Multiple outliers
The presence of multiple outliers in a data set is more difficult to detect. Methods based on single deletion [3; 13] may fail and thus outliers will be remained undetected. This phenomenon is called the 'masking effect':
in presence of multiple outliers, "least squares estimation of the parameters may lead to small residuals for the outlying observations" [4] (see also [24] for a discussion about this effect). Moreover "if a data set contains more than one outlier, because of the masking effect, the very first observation [with the largest standardized residuals]
may not be declared discordant [i.e. as an outlier]" [27] . However since we initialize the recursive estimations at various positions in the data set, this consequence of the masking effect should disappear.
We consider the same model as the previous section but in the perturbed univariate data sets we introduce multiple outliers. Two cases are considered: first the outliers are consecutive observations and second the outliers are at random positions in the data sets. Simulation were only carried out for large samples. 
Application to health data sets
We apply our graphical tool to two real data sets. A simple regression will be performed on the first data set which contains a single of outlier. While a multiple regression will be performed on the second data sets which contains a couple of outliers.
• Alcohol and tobacco spending in Great Britain [26] . • Smoking and cancer data [15] . The data are per capita numbers of cigarettes smoked (sold) by 43 states and the District of Columbia in 1960 together with death rates per thousand population from various forms of cancer: bladder cancer, lung cancer, kidney cancer and leukemia. A classical sensitive analysis leads to conclude that the data set contains two outliers, Nevada and the District of Columbia (the two last individuals in the data set), in the distribution of cigarette consumption (the response variable). Figure 7 contains the outputs in three cases (corresponding to the three columns): one of the two outliers have been removed for the two first cases and the two outliers have been removed in the last case. As for the previous example, the red line correspond to the original data set and the red one to the data set with one or two outliers removed.
The five first rows contain plots for β, the sixth row the plot for the determination coefficient and the last row the plot for σ. The graphical plots for the variance estimation indicates clearly that removing only one outlier is not sufficient. 
